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TWO RESULTS IN METRIC FIXED POINT THEORY
Daniel Reem, Simeon Reich and Alexander J. Zaslavski
Abstract. We establish two fixed point theorems for certain mappings of contrac-
tive type. The first result is concerned with the case where such mappings take
a nonempty, closed subset of a complete metric space X into X , and the second
with an application of the continuation method to the case where they satisfy the
Leray-Schauder boundary condition in Banach spaces.
1. Introduction
In spite of its simplicity (or perhaps because of it), the Banach fixed point theo-
rem still seems to be the most important result in metric fixed point theory. As far
as we know, the first significant generalization of Banach’s theorem was obtained in
1962 by E. Racotch [5] who replaced Banach’s strict contraction with contractive
mappings, that is, with those mappings which satisfy condition (1.1) below. Such
mappings, as well as many modifications, were studied and used by many authors.
Recently, a renewed interest in contractive mappings has arisen. See, for example,
[6, 7] where genericity and well-posedness results were established. Another impor-
tant topic in fixed point theory is the search for fixed points of nonself-mappings.
In the present paper we combine these two themes by proving two fixed point the-
orems for contractive nonself-mappings. In Theorem 1 we present a new sufficient
condition for the existence and approximation of the unique fixed point of a con-
tractive mapping which maps a nonempty, closed subset of a complete metric space
X into X. In Theorem 2 we present an application of the continuation method to
contractive mappings which satisfy the Leray-Schauder boundary condition on a
subset of a Banach space with a nonempty interior.
Theorem 1. Let K be a nonempty, closed subset of a complete metric space (X, ρ).
Assume that T : K → X satisfies
(1.1) ρ(Tx, Ty) ≤ φ(ρ(x, y))ρ(x, y) for each x, y ∈ K,
where φ : [0,∞) → [0, 1] is a monotonically decreasing function such that φ(t) < 1
for all t > 0.
Assume that K0 ⊂ K is a nonempty, bounded set with the following property:
(P1) For each natural number n, there exists xn ∈ K0 such that T
ixn is defined
for all i = 1, . . . , n.
1991 Mathematics Subject Classification. 47H09, 47H10, 54H25.
Key words and phrases. Complete metric space, continuation method, contractive mapping,
fixed point, iteration, Leray-Schauder boundary condition, nonexpansive mapping, strict contra-
ction.
Typeset by AMS-TEX
1
2 DANIEL REEM, SIMEON REICH AND ALEXANDER J. ZASLAVSKI
Then
(A) the mapping T has a unique fixed point x¯ in K;
(B) For each M, ǫ > 0, there exist δ > 0 and a natural number k such that for
each integer n ≥ k and each sequence {xi}
n
i=0 ⊂ K satisfying
ρ(x0, x¯) ≤M and ρ(xi+1, Txi) ≤ δ, i = 0, . . . , n − 1,
we have
(1.2) ρ(xi, x¯) ≤ ǫ, i = k, . . . , n.
Let G be a nonempty subset of a Banach space (Y, || · ||). In [3] J. A. Gatica
and W. A. Kirk proved that if T : G→ Y is a strict contraction, then T must have
a unique fixed point x1, under the additional assumptions that the origin is in the
interior Int(G) of G and that T satisfies a certain boundary condition known as the
Leray-Schauder condition:
(L-S) Tx 6= λx ∀x ∈ ∂G, ∀λ > 1.
Here G is not necessarily convex or bounded. Their proof was nonconstructive.
Later, M. Frigon, A. Granas and Z. E. A. Guennoun [2], and M. Frigon [1] proved
that if xt is the unique fixed point of tT , then, in fact, the mapping t → xt is
Lipschitz, so it gives a partial way to approximate x1. Our second result extends
these theorems to the case where T merely satisfies (1.1).
Theorem 2. Let G be a nonempty subset of a Banach space Y with 0 ∈ Int(G).
Suppose that T : G→ X is nonexpansive and that it satisfies condition (L-S). Then
for each t ∈ [0, 1), the mapping tT : G → X has a unique fixed point xt ∈ Int(G)
and the mapping t→ xt is Lipschitz on [0, b] for any 0 < b < 1. If, in addition, T
satisfies (1.1), then it has a unique fixed point x1 ∈ G and the mapping t → xt is
continuous on [0, 1]. In particular, x1 = limt→1− xt.
Our paper is organized as follows. Part (A) of Theorem 1 is proved in Section 2
while Section 3 is devoted to the proof of Theorem 1(B). Finally, we prove Theorem
2 in Section 4.
2. Proof of Theorem 1(A)
The uniqueness of x¯ is obvious. To establish its existence let xn ∈ K0 be, for
each natural number n, the point provided by property (P1). Fix θ0 ∈ K. Since
K0 is bounded, there is c0 > 0 such that
(2.1) ρ(θ, z) ≤ c0 for all z ∈ K0.
Let ǫ > 0. We will show that there exists a natural number k such that the following
property holds:
(P2) If n > k is an integer and if an integer i satisfies k ≤ i < n, then
(2.2) ρ(T ixn, T
i+1xn) ≤ ǫ.
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Let us assume the contrary. Then for each natural number k, there exist natural
numbers nk and ik such that
(2.3) k ≤ ik < nk and ρ(T
ikxnk , T
ik+1xnk) > ǫ.
Choose a natural number k such that
(2.4) k > (ǫ(1 − φ(ǫ)))−1(2c0 + ρ(θ, Tθ)).
By (2.3) and (1.1),
(2.5) ρ(T ixnk , T
i+1xnk) > ǫ, i = 0, . . . , ik.
(Here we use the notation that T 0z = z for al z ∈ K.) It follows from (1.1), (2.5)
and the monotonicity of φ that for all i = 0, . . . , ik − 1,
ρ(T i+2xnk , T
i+1xnk) ≤ φ(ρ(T
i+1xnk , T
ixnk))ρ(T
i+1xnk , T
ixnk)
≤ φ(ǫ)ρ(T i+1xnk , T
ixnk)
and
ρ(T i+2xnk , T
i+1xnk)− ρ(T
i+1xnk , T
ixnk)
(2.6) ≤ (φ(ǫ)− 1)ρ(T i+1xnk , T
ixnk) < −(1− φ(ǫ))ǫ.
Inequalities (2.6) and (2.3) imply that
−ρ(xnk , Txnk) ≤ ρ(T
ik+1xnk , T
ikxnk)− ρ(xnk , Txnk) =
=
ik−1∑
i=0
[ρ(T i+2xnk , T
i+1xnk)− ρ(T
i+1xnk , T
ixnk)] ≤ −(1− φ(ǫ)ǫ)ik ≤ −k(1− φ(ǫ)ǫ
and
(2.7) k(1− φ(ǫ))ǫ ≤ ρ(xnk , Txnk).
In view of (2.7), (1.1) and (2.1),
k(1− φ(ǫ))ǫ ≤ ρ(xnk , Txnk)
≤ ρ(xnk , θ) + ρ(θ, Tθ) + ρ(Tθ, Txnk) ≤ c0 + ρ(θ, Tθ) + c0
and
k ≤ (ǫ(1 − φ(ǫ)))−1(2c0 + ρ(θ, Tθ)).
This contradicts (2.4). The contradiction we have reached proves that for each
ǫ > 0, there exists a natural number k such that (P2) holds.
Now let δ > 0. We show that there exists a natural number k such that the
following property holds:
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(P3) If n > k is an integer and if integers i, j satisfy k ≤ i, j < n, then
ρ(T ixn, T
jxn) ≤ δ.
To this end, choose a positive number
(2.8) ǫ < 4−1δ(1 − φ(δ)).
We have already shown that there exists a natural number k such that (P2) holds.
Assume that natural numbers n, i and j satisfy
(2.9) n > k and k ≤ i, j < n.
We claim that ρ(T ixn, T
jxn) ≤ δ.
Assume the contrary. Then
(2.10) ρ(T ixn, T
jxn) > δ.
By (P2), (2.9), (1.1), (2.10) and the monotonicity of φ,
ρ(T ixn, T
jxn) ≤ ρ(T
ixn, T
i+1xn) + ρ(T
i+1xn, T
j+1xn) + ρ(T
j+1xn, T
jxn)
≤ ǫ+ ρ(T i+1xn, T
j+1xn) + ǫ ≤ 2ǫ+ φ(ρ(T
ixn, T
jxn))ρ(T
ixn, T
jxn)
≤ 2ǫ+ φ(δ)ρ(T ixn, T
jxn).
Together with (2.8) this implies that
ρ(T ixn, T
jxn) ≤ 2ǫ(1− φ(δ))
−1 < δ,
a contradiction. Thus we have shown that for each δ > 0, there exists a natural
number k such that (P3) holds.
Let ǫ > 0. We will show that there exists a natural number k such that the
following property holds:
(P4) If the integers n1, n2 ≥ k, then ρ(T
kxn1 , T
kxn2) ≤ ǫ.
Choose a natural number k such that
(2.11) k > ((1− φ(ǫ))(ǫ))−14c0
and assume that the integers n1 and n2 satisfy
(2.12) n1, n2 ≥ k.
We claim that ρ(T kxn1 , T
kxn2) ≤ ǫ. Assume the contrary. Then
ρ(T kxn1 , T
kxn2) > ǫ.
Together with (1.1) this implies that
(2.13) ρ(T ixn1 , T
ixn2) > ǫ, i = 0, . . . , k.
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By (1.1), (2.13) and the monotonicity of φ we have for i = 0, . . . , k − 1,
ρ(T i+1xn1 , T
i+1xn2) ≤ φ(ρ(T
ixn1 , T
ixn2))ρ(T
ixn1 , T
ixn2)
≤ φ(ǫ)ρ(T ixn1 , T
ixn2)
and
ρ(T i+1xn1 , T
i+1xn2)−ρ(T
ixn1 , T
ixn2) ≤ (φ(ǫ)−1)ρ(T
ixn1 , T
ixn2) ≤ −(1−φ(ǫ))ǫ.
This implies that
−ρ(xn1 , xn2) ≤ ρ(T
kxn1 , T
kxn2)− ρ(xn1 , xn2)
=
k−1∑
i=0
[ρ(T i+1xn1 , T
i+1xn2)− ρ(T
ixn1 , T
ixn2)] ≤ −k(1− φ(ǫ))ǫ.
Together with (2.1) this implies that
k(1− φ(ǫ))ǫ ≤ ρ(xn1 , xn2) ≤ ρ(xn1 , θ) + ρ(θ, xn2) ≤ 2c0.
This contradicts (2.11). Thus we have shown that
ρ(T kxn1 , T
kxn2) ≤ ǫ.
In other words, there exists a natural number k for which (P4) holds.
Let ǫ > 0. By (P4), there exists a natural number k1 such that
(2.14) ρ(T k1xn1 , T
k1xn2) ≤ ǫ/4 for all integers n1, n2 ≥ k1.
By (P3), there exists a natural number k2 such that
(2.15)
ρ(T ixn, T
jxn) ≤ ǫ/4 for all natural numbers n, j, i satisfying k2 ≤ i, j < n.
Assume now that the natural numbers n1, n2, i and j satisfy
(2.16) n1, n2 > k1 + k2, i, j ≥ k1 + k2, i < n1, j < n2.
We claim that
ρ(T ixn1 , T
jxn2) ≤ ǫ.
By (2.14), (2.16) and (1.1)
(2.17) ρ(T k1+k2xn1 , T
k1+k2xn2) ≤ ρ(T
k1xn1 , T
k1xn2) ≤ ǫ/4.
In view of (2.16) and (2.15),
ρ(T k1+k2xn1 , T
ixn1) ≤ ǫ/4 and ρ(T
k1+k2xn2 , T
jxn2) ≤ ǫ/4.
Together with (2.17) these inequalities imply that
ρ(T ixn1 , T
jxn2) ≤ ρ(T
ixn1 , T
k1+k2xn1)
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+ρ(T k1+k2xn1 , T
k1+k2xn2) + ρ(T
k1+k2xn2 , T
jxn2) < ǫ.
Thus we have shown that the following property holds:
(P5) For each ǫ > 0, there exists a natural number k(ǫ) such that
ρ(T ixn1 , T
jxn2) ≤ ǫ
for all natural numbers n1, n2 ≥ k(ǫ), i ∈ [k(ǫ), n1) and j ∈ [k(ǫ), n2).
Consider the two sequences {Tn−2xn}
∞
n=2 and {T
n−1xn}
∞
n=2. Property (P5)
implies that both of them are Cauchy and that
lim
n→∞
ρ(Tn−1xn, T
n−2xn) = 0.
Therefore there exists x¯ ∈ K such that
lim
n→∞
ρ(x¯, Tn−2xn) = lim
n→∞
ρ(x¯, Tn−1xn) = 0.
Since the mapping T is continuous, T x¯ = x¯ and assertion (A) is proved.
3. Proof of Theorem 1(B)
For each x ∈ X and r > 0, set
(3.1) B(x, r) = {y ∈ X : ρ(x, y) ≤ r}.
Choose δ0 > 0 such that
(3.2) δ0 < M(1− φ(M/2))/4.
Assume that
(3.3) y ∈ K ∩B(x¯,M), z ∈ X and ρ(z, Ty) ≤ δ0.
By (3.3) and (1.1),
(3.4) ρ(x¯, z) ≤ ρ(x¯, T y) + ρ(Ty, z) ≤ ρ(T x¯, Ty) + δ0 ≤ φ(ρ(x¯, y))ρ(x¯, y) + δ0.
There are two cases:
(3.5) ρ(y, x¯) ≤M/2;
(3.6) ρ(y, x¯) > M/2.
Assume that (3.5) holds. By (3.4), (3.5) and (3.2),
(3.7) ρ(x¯, z) ≤ ρ(x¯, y) + δ0 ≤M/2 + δ0 < M.
If (3.6) holds, then by (3.4), (3.3), (3.6) and the monotonicity of φ,
ρ(x¯, z) ≤ δ0 + φ(M/2)ρ(x¯, y) ≤ δ0 + φ(M/2)M
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< (M/4)(1 − φ(M/2)) + φ(M/2)M ≤M.
Thus ρ(x¯, z) ≤M in both cases.
We have shown that
(3.8) ρ(x¯, z) ≤M for each z ∈ X and y ∈ K ∩B(x¯,M) satisfying ρ(z, Ty) ≤ δ0.
Since M is any positive number, we conclude that there is δ1 > 0 such that
(3.9) ρ(x¯, z) ≤ ǫ for each z ∈ X and y ∈ K ∩B(x¯, ǫ) satisfying ρ(z, Ty) ≤ δ1.
Choose a positive number δ such that
(3.10) δ < min{δ0, δ1, ǫ(1− φ(ǫ))4
−1}
and a natural number k such that
(3.11) k > 4(M + 1)(1 − φ(ǫ)ǫ)−1 + 4.
Let n ≥ k be a natural number and assume that {xi}
n
i=0 ⊂ K satisfies
(3.12) ρ(x0, x¯) ≤M and ρ(xi+1, Txi) ≤ δ, i = 0, . . . , n − 1.
We claim that (1.2) holds. By (3.8), (3.12) and the inequality δ < δ0 (see (3.10)),
(3.13) {xi}
k
i=0 ⊂ B(x¯,M).
Assume that (1.2) does not hold. Then there is an integer j such that
(3.14) j ∈ {k, n} and ρ(xj , x¯) > ǫ.
By (3.14), (3.12), (3.9) and (3.10),
(3.15) ρ(xi, x¯) > ǫ, i = 0, . . . , j.
Let i ∈ {0, . . . , j − 1}. By (3.12), (3.15), the monotonicity of φ, (3.10) and (1.1),
ρ(xi+1, x¯) ≤ ρ(xi+1, Txi) + ρ(Txi, T x¯) ≤ δ + φ(ρ(xi, x¯))ρ(xi, x¯)
≤ δ + φ(ǫ)ρ(xi, x¯)
and
ρ(xi+1, x¯)− ρ(xi, x¯) ≤ δ − (1− φ(ǫ))ρ(xi, x¯) ≤ δ − (1− φ(ǫ))ǫ ≤ −(1− φ(ǫ))ǫ/2.
By (3.12) and (3.14) and the above inequalities
−M ≤ −ρ(x0, x¯) ≤ ρ(xj , x¯)− ρ(x0, x¯)
=
j−1∑
i=0
[ρ(xi+1, x¯)− ρ(xi, x¯)] ≤ −j(1− φ(ǫ)ǫ/2) ≤ −k(1− φ(ǫ))ǫ/2.
This contradicts (3.11). The contradiction we have reached proves (1.2) and asser-
tion (B).
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4. Proof of Theorem 2
In the first part of the proof we assume that T is nonexpansive, i. e., it satisfies
(1.1) with φ identically equal to one.
Let S ⊂ [0, 1) be the following set:
S = {t ∈ [0, 1) : tT has a unique fixed point xt ∈ Int(G)}.
Since tT is a strict contraction for each t ∈ [0, 1), it has at most one fixed point.
In order to prove the first part of this theorem, we have to show that S = [0, 1).
Since 0 ∈ S by assumption and since [0, 1) is connected, it is enough to show that
S is both open and closed.
1. S is open: Let t0 ∈ S. From the definition of S it is clear that t0 < 1, so there
is a real number q such that t0 < q < 1. Let xt0 ∈ Int(G) be the unique fixed point
of t0T .
Since Int(G) is open, there is r > 0 such that the closed ball B[xt0 , r] of radius r
and center xt0 is contained in Int(G). We have, for all x ∈ B[xt0 , r] and t ∈ [0, 1),
||tTx− xt0 || ≤ ||tTx− tTxt0 ||+ |t− t0|||Txt0 ||+ ||t0Txt0 − xt0 ||
(4.1) ≤ t||x− xt0 ||+ |t− t0|||Txt0 || ≤ tr + |t− t0|(||Txt0 ||+ 1).
Suppose that t ∈ [0, 1) satisfies
(4.2) |t− t0| < min{
r(1− q)
1 + ||Txt0 ||
, q − t0}.
Then t < q and
|t− t0| ≤
r(1− t)
1 + ||Txt0 ||
,
so ||tTx − xt0 || ≤ r by (4.1). Consequently, the closed ball B[xt0 , r] is invariant
under tT , and the Banach fixed point theorem ensures that tT has a unique fixed
point xt ∈ B[xt0 , r] ⊂ Int(G). Thus t ∈ S for all t ∈ [0, 1) satisfying (4.2).
2. S is closed: Suppose t0 ∈ [0, 1) is a limit point of S. We have to prove that
t0 ∈ S, and since 0 ∈ S we can assume that t0 > 0. There is a sequence (tn)n in
[0, 1) such that t0 = limn→∞ tn, and since t0 < 1, there is 0 < q < 1 such that
tn < q for n large enough. Define
A0 := {xt : t ∈ S ∩ [0, q]}.
The set A0 is not empty since 0 ∈ A0. In addition, if t ∈ S ∩ [0, q], then
||xt|| = ||tTxt|| ≤ q(||Txt − T0||+ ||T0||) ≤ qφ(||xt − 0||)||xt − 0||+ q||T0||.
Therefore
(4.3) ||xt|| ≤
q||T0||
1− φ(||xt||)q
≤
||T0||
1− q
,
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so A0 is a bounded set, and since T is Lipschitz, T (A0) is also bounded, say by
M . We will show that (xtn)n is a Cauchy sequence which converges to the fixed
point xt0 of t0T . Indeed, since xtn and xtm are the fixed points of tnT and tmT ,
respectively, it follows that
||xtn − xtm || = ||tnTxtn − tmTxtm || ≤ |tn − tm|||Txtn ||+ ||tmTxtn − tmTxtm ||
≤ |tn − tm|M + tmφ(||xtn − xtm ||)||xtn − xtm ||.
Hence
(4.4) ||xtn − xtm || ≤
|tn − tm|M
1− tmφ(||xtn − xtm ||)
≤
|tn − tm|M
1− q
.
Since tn → t0 as n→∞, we see that (xtn)n is indeed Cauchy and hence converges
to xt0 ∈ G. Using again the equality tnTxtn = xtn , we obtain
||t0Txt0 − xt0 || ≤ ||t0Txt0 − t0Txtn ||+ ||t0Txtn − tnTxtn ||+ ||tnTxtn − xt0 ||
= t0||Txt0 − Txtn ||+ |t0 − tn|||Txtn ||+ ||xtn − xt0 ||
≤ ||xt0 − xtn ||+ |t0 − tn|M + ||xtn − xt0 || → 0,
so t0Txt0 = xt0 , i. e., xt0 is indeed a fixed point of t0T . It remains to show that
xt0 ∈ Int(G), and this follows from the (L-S) condition, since Txt0 =
1
t0
xt0 , so (L-S)
implies that xt0 6∈ ∂G (recall that 0 < t0 < 1). Hence S is closed, as claimed.
The fact that the mapping t → xt is Lipschitz on the interval [0, b] for any
0 < b < 1 follows from (4.4).
Suppose now that T satisfies (1.1) with φ(t) < 1 for all positive t. Let (tn)n
be a sequence in [0, 1) such that tn → t0 = 1. The set A0 (and hence the set
T (A0)) remain bounded also when q = 1, because if ||xt|| ≥ 1, then in (4.3) we get
||xt|| ≤
||T0||
1−φ(1) , so in any case ||xt|| ≤ max (1,
||T0||
1−φ(1) ) (recall that φ(t) < 1). Now,
in order to prove that x1 := limt→1−1 xt exists, note first that (xtn)n is Cauchy if
tn → 1, because otherwise there is ǫ > 0 and a subsequence (call it again tn) such
that ||xt2n+1 − xt2n+2 || ≥ ǫ, but from (4.4) we obtain
||xt2n+1 − xt2n+2 || ≤
|t2n+1 − t2n+2|M
1− t2n+2φ(ǫ)
→ 0,
a contradiction. Now, all these sequences approach the same limit because for any
two such sequences (xtn)n, (xsn)n, the interlacing sequence (t1, s1, t2, s2 . . . ) → 1,
so (xt1 , xs1 , xt2 , xs2 , . . . ) is also Cauchy. The fact that x1 is a fixed point of T is
proved as above (here, however, one cannot use (L-S) to conclude that x1 ∈ Int(G),
and indeed it may happen that x1 ∈ ∂G as the mapping T : [−1,∞)→ R, defined
by Tx = x−12 , shows).
Acknowledgments. The second author was partially supported by the Fund
for the Promotion of Research at the Technion and by the Technion VPR Fund -
B. and G. Greenberg Research Fund (Ottawa).
10 DANIEL REEM, SIMEON REICH AND ALEXANDER J. ZASLAVSKI
References
1. M. Frigon, Fixed point and continuation results for contractions in metric and in gauge spaces,
Preprint (2006).
2. M. Frigon and A. Granas and Z. E. A. Guennoun, Alternative non line´aire pour les applica-
tions contractantes, Ann. Sci. Math. Que´bec 19 (1995), 65-68.
3. J. A. Gatica and W. A. Kirk, Fixed point theorems for contraction mappings with applications
to nonexpansive and pseudo-contractive mappings, Rocky Mountain J. Math. 4 (1974), 69-79.
4. J. Jachymski and I. Jo´z´wik, Nonlinear contractive conditions: a comparison and related prob-
lems, Preprint (2006).
5. E. Rakotch, A note on contractive mappings, Proc. Amer. Math. Soc. 13 (1962), 459-465.
6. S. Reich and A. J. Zaslavski, Well-posedness of fixed point problems, Far East J. Math. Sci.,
Special Volume (Functional Analysis and its Applications), Part III (2001), 393-401.
7. S. Reich and A. J. Zaslavski, The set of noncontractive mappings is σ-porous in the space of
all nonexpansive mappings, C. R. Acad. Sci. Paris 333 (2001), 539-544.
Department of Mathematics, The Technion-Israel Institute of Technology, 32000
Haifa, Israel
E-mail address: dream@tx.technion.ac.il; sreich@tx.technion.ac.il;
ajzasl@tx.technion.ac.il
